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The onset of viscous fingering in the presence of a non monotonic viscosity profile is investigated
theoretically for two immiscible fluids. Classical fluid dynamics predicts that no unstable behavior
may be observed when a viscous fluid pushes a less viscous one in a Hele-Shaw cell. Here, we show
that the presence of a viscosity gradient at the interface between both fluids destabilize the interface
facilitating the spread of the perturbation. The influence of the viscosity gradient on the dispersion
relation is analyzed.
PACS numbers: 47.20.-k, 47.20.Gv, 47.10.ad
INTRODUCTION
Saffman-Taylor instability [1] may arise when two flu-
ids of different viscosity are pushed by a pressure gradient
through two plane parallel plates (Hele Shaw cell). It is
well known, both experimentally and theoretically, that
when a less viscous Newtonian fluid displaces a more vis-
cous one develop a fingering instability at the interface
between both immiscible fluids [2]. For non Newtonian
fluids, an unexpected propagation of fractures develop in
the invaded fluid [3–5].
Recent experiments and numerical simulations have
shown the possibility of viscous fingering in the presence
of non monotonic viscosity profiles under stable condi-
tions for miscible fluids. Destabilization of the interface
of a viscous fluid displacing a less viscous one have been
shown to occur in the presence of chemical reactions [6],
for a non-ideal water-alcohol mixture [7], or for differen-
tial diffusion of two species [8]. Theoretical predictions of
this behavior for reacting miscible fluids show that even
if the front is initially stable, reactions taking place at the
interface may destabilize it [9–13]. In these papers, the
existence of a chemical reaction at the interface proved
to be necessary for the observed unstable behavior.
In this work, we present a linear stability analysis for
the onset of viscous fingering for two immiscible fluids
under stable conditions subject to a non monotonic vis-
cosity profile.
THEORY
The equation of motion of an incompressible newtonian
fluid is given by,
ρ
Dui
Dt
= − ∂p
∂xi
+
∂
∂xj
(2µeij) , (1)
∂ui
∂xi
= 0 (2)
FIG. 1: Sketch of the Hele-Shaw cell (a) and both viscosity
profiles µ(x1) (b) used here (continuous and dashed lines near
the interface).
where D/Dt is the material derivative, ρ is the constant
density, ui the velocity field, p the pressure, µ the dy-
namic viscosity, and eij = (∂ui/∂xj + ∂uj/∂xi)/2 is the
strain rate tensor. For a non monotonic viscosity profile
µ = µ(xi), Eq. (1) becomes,
ρ
Dui
Dt
= − ∂p
∂xi
+ µ
∂2ui
∂xj∂xj
+ 2eij
∂µ
∂xj
(3)
We consider the case where a viscous fluid is pushing a
less viscous one in the x1-direction between closely spaced
parallel plates separated some distance h as it is shown
in Fig. 1(a), subject to a perturbation at the interface
x1 = ξ(x3, t). In the basic Hele-Shaw flow, we suppose a
negative pressure gradient along the x1 axis so that the
flow goes from the left (x1 < 0) to the right (x1 > 0). The
velocity field is [u01(x2), 0, 0]. The interface between the
two fluids is x1 = ξ
0(t) with ξ0(t) = 〈u01(x2)〉t. Following
the standard decomposition in normal modes, we perturb
the system of equations (3). Thus, the perturbed velocity
field is [u01(x2)+u
1
1(xi, t), 0, u
1
3(xi, t)], the pressure P
0+
P 1(xi, t), and the interface equation is x1 = ξ
0(t) +
ξ1(x3, t). Assuming a sinusoidal perturbation along the
x3 axis, the perturbed quantities can be written as,
ξ1(x3, t) = ξ cos(k3x3) exp(ωt)
u11(xi, t) = ua,b(x2) cos(k3x3)
exp
(
ωt± k1[x1 − ξ0(t)]
)
ar
X
iv
:1
71
0.
03
98
6v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  1
1 O
ct 
20
17
2u13(xi, t) = wa,b(x2) cos(k3x3)
exp
(
ωt± k1[x1 − ξ0(t)]
)
P 1(x1, x3, t) = Pa,b cos(k3x3) exp
(
ωt± k1[x1 − ξ0(t)]
)
where ± stands for the left (a) and right (b) fluids with
viscosities µa > µb, respectively. ξ, u(x2), w(x2), and P
are the amplitudes of the normal modes of the perturba-
tion. The problem is completed by the no-slip boundary
condition at the plates ui = 0 for x2 = 0, h. Without
loss of generality, from now on, we assume the viscosity
profile µ = µ(x1).
Rewriting Eq. (3) at zero order in  we obtain the
Darcy’s law,
u01(x2) =
G
2µ
(
x22 − hx2
)
(4)
with G the negative gradient along the x1 axis. The mean
velocity 〈u01〉 = −Gh2/12µ.
At first order in , the amplitude of the normal mode
ua,b is given by,
µa,b
d2ua,b
dx22
− Φa,b(x2)ua,b = ∓k1Pa,b (5)
and
Φa,b(x2) = ρa,bω ∓ ρa,bk1〈u01〉 ± ρa,bk1u01(x2)
−µa,b(k21 − k23)∓ 2k1
∂µa,b
∂x1
(6)
A similar equation can be obtained for the mode wa,b.
Two conditions must be imposed at the interface,
namely the kinematical condition and the condition of
continuity of normal stress, both averaged with respect
to x2,
| 〈u11(x2)〉 |a,b =
∂ξ1
∂t
,
P 1a − P 1b = −γ
∂2ξ1
∂x23
(7)
where γ is the surface tension at the interface.
Then, the set of equations (5-7) is solved by employing
a shooting scheme. Fig. 1(b) summarizes the two non
monotonic viscosity profiles used in our simulations. In
both cases, the profile exhibits a maximum or a minimum
of viscosity on the interface between both fluids.
RESULTS
Numerical simulations were performed for a silicone oil
invading a Hele-Shaw cell filled with water at constant
velocity. For both viscosity profiles, ω is always nega-
tive for any wave number k (vector with components k1
and k3 in the plane (x1, x3)). Thus, in terms of clas-
sical fluid physics, the interface between the two fluids
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FIG. 2: Dispersion relation, kc(ω) for two values of the vis-
cosity gradient at the interface; ∂µ/∂x1 = 1 (blue dots) and
∂µ/∂x1 = 10 (red squares). Set of parameters: h = 0.002
m, Rhodorsil oil 47V500 (µa = 0.485 Pa s, ρa = 970 kg/m
3),
water (µb = 0.896 ·10−3 Pa s, ρb = 997 kg/m3), and γ = 0.021
N/m.
should be stable under perturbations. The average val-
ues 〈u11(x2)〉a,b have opposite signs below some critical
wave number kc indicating that perturbations annihilate
at both sides of the interface. For k > kc, perturbations
grow in the x1 direction, destabilizing the interface. Fig-
ure 2 shows the dispersion relation ω(kc) which is quali-
tatively the same for the two viscosity profiles used here.
Thus, viscous fingering develops but contrary to the un-
stable case where a low viscous fluid invades a high vis-
cous one, the extent of the fingers is attenuated by the
term exp(−ωt).
The critical wave number as a function of the viscosity
gradient on the interface |∂µ/∂x1| is shown in Fig. 3 for
both viscosity profiles. Note that as the viscosity gradi-
ent increases, smaller/larger perturbations are needed in
order to destabilize the flow depending on the presence
of a maximum or a minimum of viscosity, respectively.
This result also indicates that for equal amplitudes of
the viscosity extremum on the interface, the instability
develops more easily (larger |k|) for a viscosity maximum
value.
To deepen in this behavior, the invading fluid viscos-
ity µa was varied while keeping constant ∂µ/∂x1 on the
interface as well as µb. Increasing µa has a destabiliz-
ing effect as −ω diminishes, as it is shown in Fig. 4 for
both profiles with opposite extremum. In other words,
for the same perturbation (k1, k3), the interface desta-
bilize faster for larger values of µa. The presence of a
minimum in the viscosity profile also favors the desta-
bilization of the interface, exp(−ωmint) > exp(−ωmaxt),
at constant t and same perturbation; i.e. the system is
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FIG. 3: Critical wave number as a function of the viscosity
gradient on the interface for a viscosity profile with a max-
imum (continuous line) and with a minimum (dashed line).
k1 = k3 and rest of parameters as in Fig. 2.
more unstable when the viscosity profile has a minimum
rather than a maximum.
Finally, considering small disturbances in the viscos-
ity profile along the x3-axis, the equations for the mode
amplitudes u and w are coupled. Using the continuity
equation k1u = k3w uncouples them, and Eq. (6) be-
comes,
Φa,b(x2) = ρa,bω ∓ ρa,bk1〈u01〉 ± ρa,bk1u01(x2)
−µa,b(k21 − k23)∓ 2k1
∂µa,b
∂x1
+
(
k23 ± k21
k3
)
∂µa,b
∂x3
(8)
where ∂µa,b/∂x3 must be evaluated on the interface. For
small disturbances in the viscous profile on x1 = ξ(x3, t),
the contribution of the new term in (8) is small and the
main results shown above hold.
CONCLUSIONS
The onset condition of viscous fingering for a fluid dis-
placing a less viscous one in a Hele-Shaw cell has been
studied in the presence of a non monotonic viscosity pro-
file in the direction of motion. For wave numbers above
a critical one, perturbations at both sides of the interface
spread in the same direction, destabilizing the interface.
The spreading velocity is modulated by the term exp (ωt)
that attenuates the fingering in the direction of motion.
This attenuation is larger when the viscosity profile has
a maximum on the interface.
Our results are in agreement with theoretical calcula-
tions and experiments on miscible fluids with a reactive
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FIG. 4: Influence of the invading fluid viscosity µa/µ
0
a on the
growth rate ω(kc) for a viscosity profile with a maximum on
the interface (blue dots) and with a minimum (red squares
and dashed line). k1 = 0.1k3, ∂µ/∂x1 = 10, and µ
0
a is the
silicone oil viscosity used in Fig. 2.
interface, but contrary to them, no chemical reactions
are needed to account for the onset of viscous fingering
under stable conditions. Recently, experiments by A.
de Wit group [7] have shown that the mixing length of
this fingering zone was found to be smaller than for the
unstable case (also analyzed simultaneously in their ex-
periments). Similarly, for non-reactive viscous fingerings
that develop between three finite slices [14], the extent
of the fingers is also reduced under stable conditions. In
our opinion, the observed mixing length reduction corre-
sponds to the case solved here where the negative growth
rate ω attenuates the perturbation growth.
Our results open new possibilities for experiments on
viscous fingering under stable conditions in the presence
of a non-monotonic viscosity profile for immiscible fluids.
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